We investigate the effects of spontaneously generated coherence (SGC) on both the steady and transient gain properties in a four-level inverted-Y-type atomic system in the presence of a weak probe, two strong coherent fields, and an incoherent pump. For the steady process, we find that the inversionless gain mainly origins from SGC. In particular, we can modulate the inversionless gain by changing the relative phase between the two fields. Moreover, the amplitude of the gain peak can be enhanced and the additional gain peak can appear by changing the detuning of the coupling field. As for the transient process, the transient gain properties can also be dramatically affected by the SGC. Compared to the case without SGC, the transient gain can be greatly enhanced with completely eliminated transient absorption by choosing the proper relative phase between the two fields. And the inverted-Y-type system with SGC can be simulated in both atomic and semiconductor quantum well systems avoiding the conditions of SGC.
Phase control of light amplification in steady and transient processes in an inverted-Y atomic system with spontaneously generated coherence
Introduction
As is well known, strong coherent fields can lead to a kind of coherence, the dynamically induced coherence (DIC), which is related to lasing without inversion (LWI) as well as many other optical phenomena in quantum optics. In the past decade, it has been shown that the LWI can provide us with an important and interesting alternative in cases where it is difficult or even impossible to create the required population inversion for conventional laser by incoherent pumping. The origin of the inversionless gain can be attributed to either inversion between dressed states or coherence among these states. [1, 2] This kind of coherent condition can also be generated by tunnel-coupling two levels to the same continuum. [3] The relation between the steady state and the transient regime of LWI has been studied by Harris and Macklin [4] in a V-type three-level atom and a variety of schemes have been studied experimentally to realize the LWI. [5] [6] [7] [8] Most recently, an observation of cw LWI in a gas of hot rubidium atoms in an optical cavity has been reported. [9] In Ref. [10] , the authors demonstrated that LWI can be observed in the transient regime and Scully [11] has shown that it is possible to break detailed balance via quantum coherence, as in the case of LWI and the photo-Carnot quantum heat engine. [11] There is also application of quantum interference controlled resonance profiles from LWI to photodetection. [12] Also in specially designed semiconductor quantum well structures, Frogley et al. [13] have reported on the first observation of LWI.
On the other hand, it is also possible to obtain LWI through spontaneous emission in certain media if relevant decay pathways are correlated via the same vacuum modes, which is usually defined as spontaneously generated coherence (SGC). [14] The SGC can lead to a variety of novel quantum effects, such as the narrowing and quenching of spontaneous emission, [15] [16] [17] transparency of a short laser pulse, [18] and steady-state entanglement. [19] Apart from the interest of fundamentals, the SGC can also be found to have applications in many fields such as quantum information and computation, [20] all-optical switching, [21] and high-precision metrology. [22] Moreover, it has been shown that the properties of an atomic system with SGC are sensitive to the relative phase of the applied field. The investigations of the effects of SGC and the relative phase are mostly related to three-level atomic systems, [23] [24] [25] [26] which have been used to obtain LWI. [27, 28] And there are other papers considering a more complex atomic system -the four-level atomic system with the effects of SGC and the relative phase. [29] [30] [31] [32] [33] On the other hand, most of these studies related to SGC focused on the steady-state response of the medium. There are only a few studies of the effect of SGC on the transient gain properties. [34] [35] [36] Since the transient properties are very important for its potential application in an optical switch, which is an important technique in quantum computing and quantum information, [37] the SGC on transient gain properties must be addressed. Recently, a four-level inverted-Y atomic system has been extensively investigated to suppress two-photon absorption, [38] obtain EIT, [39] realize two-channel quantum memory, [40] operatethe quantum gate, [41] generate nonclassical paired photons, [42] and the enhancement of cross-Kerr effect. [43] But there is no work studying the effects of SGC and the relative phase on the gain properties in such a system. In the present paper, we investigate the phase control of light amplification without inversion in a four-level inverted-Y-type system with SGC in both the steady and transient processes. Due to the effect of SGC, the steady and transient gains are quite different from that of a conventional inverted-Y-type system without SGC. Especially, the steady-state inversionless gain can be enhanced due to the SGC effect. By changing the relative phase between the coupling and probe fields, the gain profile and the gain amplitude can be modulated. Moreover we can obtain a much larger gain and an additional gain peak by changing the detuning of the coupling field, which cannot be obtained in a three-level Λ atomic system. [27] Also the transient gain can be greatly enhanced, and the transient absorption can be completely eliminated just by choosing the proper relative phase between the coupling and probe fields.
Note that the SGC only exists in such atoms having closely-lying levels and that corresponding dipole matrix elements are not orthogonal. [44] However, these rigorous conditions are rarely met in real atoms. The experiment on spontaneous emission from sodium dimers was conducted a few years ago. [45] However, another experiment [46] on a similar system failed to reproduce the same results. Fortunately, the type of quantum interference resulting from the incoherent decay processes can be simulated with atoms in the dressed-state picture. [47, 48] Most recently, we have observed the SGC on absorption and fluorescence in rubidium atomic beam via the coherent laser field experimentally. [49, 50] On the other hand, quantum wells (QWs), which can be viewed as the twodimensional electron gas, have properties similar to that of atomic vapor such as the discrete energy levels. By choosing the materials and structure dimensions in device design, their transition energies, dipole moments, and symmetries can be engineered as desired. [51] [52] [53] [54] So before the end of this paper, we give two examples of possible experimental observations of the features in both the atomic system and the QWs system. The rest of this paper is organized as follows. In Section 2, we introduce a four-level inverted-Y-type system and obtain the corresponding density-matrix equations. In Section 3, we investigate the dependence of the steady gain property on the relative phase between the probe and the coherent field. In Section 4, we investigate the dependence of the transient gain property on the relative phase between the probe and the coherent field. In Section 5, we discuss a possible experiment to attain the four-level inverted-Y-type system with SGC. Finally, in Section 6, we draw a brief conclusion.
System and the corresponding density-matrix equations
A four-level inverted-Y-type atomic system is shown in Fig. 1(a) . Level |1 and level |4 are two closely-lying lower levels. A coupling field with frequency ω 1 and Rabi frequency Ω 1 = 23 · 1 /2h drives the transition |3 ↔ |2 . Another coupling field with frequency ω 2 and Rabi frequency Ω 2 = 42 · 2 /2h drives the transition |2 ↔ |4 . A weak probe field with frequency ω p and Rabi frequency Ω p = 12 · p /2h is applied to the transition |2 ↔ |1 , which is also pumped with a rate Λ by an incoherent field. The ∆ 1 = ω 32 − ω 1 , ∆ 2 = ω 24 − ω 2 , and ∆ p = ω 21 − ω p are detunings of the corresponding fields. The γ 3 , γ 24 , and γ 21 are the spontaneous emission rates from level |3 to level |2 , level |2 to level |4 , and level |2 to level |1 , respectively. 
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In the interaction picture, the semiclassical Hamiltonian of this system in the rotating wave approximation and the dipole approximation can be written as
(
The density-matrix equations of motion can be derived as follows:
The above equations are constrained by σ i j = σ * ji and σ 11 +σ 22 +σ 33 +σ 44 = 1. The term η √ γ 21 γ 24 cos θ represents the quantum interference effect resulting from the cross coupling between spontaneous emissions |2 → |4 and |2 → |1 , known as the SGC effect. If levels |1 and |4 lie so close that the SGC effect must be taken into account, then η = 1, otherwise η = 0. θ is the angle between the dipole matrix elements effect. Because without the incoherent pump, the probe field is so weak that all the population is reserved in the ground state, thus the spontaneous emission does not take place, nor does the SGC effect.
The existence of the SGC effect makes the system quite sensitive to phases of the probe and the coupling field, so the Rabi frequencies must be treated as complex parameters. Thus we write the Rabi frequencies Ω p , Ω 1 , and Ω 2 , as the forms:
and Ω 2 = G 2 e −iΦ 2 , where Φ p and Φ 2 denote phases of the probe field ω p and the coupling field ω 2 , respectively. Assume that the Rabi frequency Ω 1 is a real parameter throughout the paper, then we will be able to write ρ 21 = σ 21 e iΦ p , ρ 24 = σ 24 e iΦ 2 , ρ 31 = σ 31 e iΦ p , ρ 34 = σ 34 e iΦ 2 , ρ 41 = σ 41 e iΦ , and ρ i j = σ i j , where Φ = Φ p − Φ 2 . Therefore we obtain equations about ρ i j (i, j = 1, 2, 3, 4) which are found to be identical with Eq. (2) except that η is replaced by η e iΦ , Ω p , Ω 1 , and Ω 2 are replaced by G p , G 1 , and G 2 , respectively, where G p , G 1 , and G 2 are treated as real parameters.
As is well known, in the limit of a weak probe, the gain absorption coefficient for the probe laser on transition |2 → |1 is proportional to the imaginary part of ρ 12 , which can be obtained from Eq. (2). If Im(ρ 12 ) > 0, the probe laser will be amplified. The complicated analytical solutions of Eq. (2) involving many parameters are almost impossible to show the physical information evidently, thus we shall investigate the dependence of steady-state absorption properties and transient absorption properties by numerical calculations of Im(ρ 21 ) instead. Note that in this paper, parameters G p , G 1 , G 2 , ∆ p , ∆ 1 , ∆ 2 , Λ , γ 24 , and γ 3 are scaled by γ 21 .
Effects of SGC on the steady gain (absorption) properties
First we consider the effect of SGC on the steady gain properties. In Fig. 2 , with Λ = 0.5, γ 21 = 1, γ 24 = 2, γ 3 = 0.5, 
The red solid curve is the case with η = 0, while the blue dashed curve is that with η = 1 and Φ = 0.
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2, and G 2 = 10/ √ 2, we plot the steady-state probe gain Im(ρ 12 ) against the probe detuning ∆ p . It is shown that when no SGC effect exists in this system (η = 0), the probe is amplified only around ∆ p = 0 with a very small amplitude (red solid curve). While in the case of considering the SGC effect (η = 1), the probe is amplified elsewhere with a much larger amplitude (blue dashed curve). This means that in the case of η = 1, the SGC contributes much more to the probe gain. Now, we give the physical interpretations of the spectral features found in Fig. 2 . When η is replaced by η e iΦ , Ω p , Ω 1 ,
and Ω 2 are replaced by G p , G 1 , and G 2 , we can obtain equations about ρ i j (i, j = 1, 2, 3, 4) which are found to be identical with Eq. (2). Then the steady-state solution of ρ 12 can be written as
where
From Eq. (3), we find that ρ 12 is contributed by three terms: the population difference term (proportional to ρ 22 − ρ 11 ), the DIC term (proportional to ρ 23 and ρ 24 ), and the SGC term (proportional to η √ γ 21 γ 24 cos θ ). The contributions from these three terms to the probe gain without SGC (η = 0) and with SGC (η = 1) are numerically computed and shown in Fig. 3 .
When η = 0, from Fig. 3(a) we can find that ρ 22 − ρ 11 < 0, so there is no population inversion between level |2 and level |1 . Thus the contribution to Im(ρ 12 ) from the population inversion is always negative and the contribution from DIC term is positive in the region where the LWI is exhibited (the contributions from DIC are magnified 10 times). So the probe gain without the SGC effect is due to the DIC resulting from the coherent fields. In Fig. 3(b) , we can see that when η = 1, the contribution from the DIC term and population difference term in the presence of SGC are the same as those in the absence of SGC. There is also no population inversion between level ρ 22 and level ρ 11 and the contribution from the SGC term exhibits a Mollow-like profile and its amplitude is much larger than those of the other two terms (the contributions from ρ 22 − ρ 11 and DIC terms are magnified 50 and 500 times, respectively). We can also notice that the profile is almost the same as the probe gain profile plotted by the blue dashed curve in Fig. 2. From Fig. 3(b) , we can conclude that the behavior of the probe gain mainly depends on the SGC term (proportional to η √ γ 21 γ 24 cos θ ). So in both situations, the probe gain is inversionless gain, and when η = 0, it originates from DIC, while when η = 1, it mainly derives from the SGC.
As is well known, the effect of quantum interference is very sensitive to the orientation of the atomic dipole polarization. When the angle θ between the dipole matrix elements 12 and 42 changes from 0 to π/2, the quantum interference of the atomic system changes from a maximal extent to nil. In Fig. 4(a) , we plot the dependences of probe gain Im(ρ 12 ) on probe detuning ∆ p and angle θ . The structures of the spectra are nearly the same for different values of parameter θ , but the amplitude of the probe gain for the small angle is greater than that for the large angle. For instance, we depict the probe gain as a function of ∆ p under several fixed values of angle θ in Fig. 4(b) . The enhancement of the gain can be due to the increased quantum interference when reducing the angle. Once again, we obtain the result that the probe gain mainly originates from the SGC effect, which can also be explained by the third part of Eq. (3). To obtain a deeper insight into the modulation effect of the relative phase Φ on the probe gain of the system with SGC, we display the dependence of the probe gain Im(ρ 12 ) as a function of detuning ∆ p and relative phase Φ in Fig. 5(a) . It is shown that at different detunings, we obtain different modulation ampitudes of the probe gain, and the modulation period of the probe gain is always 2π. While for different values of Φ, the largest probe gains correspond to different detunings. For instance, we depict the probe gains each as a function of ∆ p under several fixed values of relative phase Φ in Fig. 5(b) . When Φ = π/2 and Φ = 3π/2, a much larger probe gain can be achieved at
= −G, which corresponds to the eigenvalue of the dressed-state sub-
of level |2 under the condition of ∆ 1 = ∆ 2 = 0. While Φ = π, the probe signal with a smaller amplitude can be amplified in a much larger spectrum range: δ ω p = 2G, which is the energy spacing between the two dressed-state sublevels |+ and |− . Last, we display in Fig. 6 the dependences of the probe gain Im(ρ 12 ) each as a function of detuning ∆ p when the two coupling fields are not in resonance. The blue dashed line is for the case of ∆ 1 + ∆ 2 = 0, (∆ 1 = 0, ∆ 2 = 0), while the red solid line is for the case of ∆ 1 + ∆ 2 = 0. When ∆ 1 + ∆ 2 = 0, (∆ 1 = 0, ∆ 2 = 0), the results are similar to the previous results obtained from the atomic system. [27] While when ∆ 1 + ∆ 2 = 0 is not satisfied, the amplitude of the gain signal can be increased dramatically in the case of Φ = π/2 as shown in Fig. 6(a) and the additional gain peak can be obtained in the middle in the case of Φ = 3π/2 as shown in Fig. 6(b) . So we can obtain much larger probe gain or additional gain peak just by changing the additional coupling field ω 1 and these results cannot be obtained in the Λ atomic system with SGC. 
Effects of SGC on the transient gain (absorption) properties
Since the transient properties of EIT are very important for its potential application, the effect of SGC on transient properties must be addressed. Under the initial condition ρ 11 = ρ 44 = 0.5 and ρ i j = 0 (i, j = 1-4), we derive the time-dependent numerical solutions of Eq. (2) in the following. First, we consider the case where both coupling lasers and the probe laser are in resonance (∆ 1 = ∆ 2 = ∆ p = 0). In Fig. 7 , with different values of Φ and the same other parameters as those used in Fig. 2 , we plot the time evolution of the gainabsorption coefficient Im(σ 21 ) without considering the SGC effect (η = 0) and with considering the SGC effect (η = 1).
Figure 7(a) shows that when η = 0, the probe laser shows oscillatory behavior versus time, i.e., the probe laser exhibits periodic amplification and absorption. In Fig. 7(b) we show that the transient property is greatly changed when the SGC effect is included (η = 1). Further the transient property exhibits different features with different values of relative phase Φ. With Φ = π (red dashed curve), the probe laser can always exhibit considerably large gain without any absorption in the whole process. The probe gain oscillates around the nonzero steady-state value and eventually reaches a positive steady-state value. On the contrary, with Φ = 0 (blue dotted curve), the transient gain disappears, only leaving the transient absorption oscillation bellow the zero-absorption line and finally reaches a negative steady-state value. In these such two cases, by comparing to the case of η = 0, we can see that firstly, the probe laser does not exhibit periodic amplification nor absorption. Secondly, the amplitude of the oscillatory is much larger. Thirdly, the steady process gain (or absorption) can reach a larger value. Fourthly, the oscillatory frequency is reduced. Then for Φ = π/2, 3π/2, the time evolutions of the gain-absorption coefficient Im(σ 21 ) have the same structure (black solid line). For the sake of clarity, this result is magnified 10 times. We can see that the probe laser exhibits periodic amplification and absorption with the small amplitude of the oscillatory, which is similar to that for the case η = 0. To conclude, with the help of SGC, we can obtain a much larger transient gain just by choosing a proper value of relative phase Φ. 
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Then we fix the values of the relative phase and investigate the time evolutions of the gain-absorption coefficient Im(σ 21 ) for different values of θ with considering the effect of SGC (η = 1). In Fig. 8 , we set Φ = π, and the other parameters are the same as those in Fig. 2 . From the figure we can see that for different values of θ , the probe laser can always exhibit a considerably large gain without any absorption in the whole process and the oscillatory frequencies are the same. The only difference is that the smaller the value of θ , the larger the value of amplitude of the oscillatory and the steady-state gain value. Last, we consider the cases of the nonresonant probe laser and resonance coupling lasers (∆ p = 5, ∆ 1 = ∆ 2 = 0). In Fig. 9 , with different values of relative phase Φ we plot the time evolutions of the gain-absorption coefficient Im(σ 21 ) with considering the SGC effect. The other parameters are the same as the ones used in Fig. 2 . When Φ = π/2 (black dotteddashed curve), both transient absorption and transient gain can be found in the transient process, and the transient absorption dominates over the transient gain. On the contrary, when Φ = 3π/2 (black solid curve), both transient absorption and transient gain can also be found in the transient process, and the transient gain dominates over the transient absorption. In both cases the steady process can reach a very small value. When Φ = π (red dashed curve), the probe laser can always exhibit a considerably large gain without any absorption in the whole process. While, in the case of Φ = 0 (blue dotted curve), the transient gain completely disappears, leaving only large transient absorption. From Fig. 9 , we can conclude that it is similar to the resonant case that different values of relative phase Φ can also lead to different gain properties of the transient process.
Possible experiments
To observe the predicted phenomena associated with SGC, we need two closely separated levels with nonorthogonal dipole moments. It is worth noting that so far no real atoms or molecules have been found to exhibit observable SGC due to the rigorous conditions. Fortunately such a system can be attained in a four-level inverted-Y-type system without SGC, which is equivalent to the system with SGC in the dressed state representation of an additional field. The transition dipoles of the two dressed states to intermediate level would be parallel, which satisfies the specific arrangement for dipole moments and field polarizations in our system. Here we show two examples of possible experimental observations on the features predicted in this paper in both atomic and QW systems.
In the rubidium atoms, Wang et al. [49] have experimentally investigated the effects of SGC in a four-level inverted-Ytype system on the hyperfine levels of 85 Rb. Here we use the same energy-level scheme as that for 85 Rb, which is shown in Fig. 10(a) . The two ground states |1 and |4 are presented by 5S 1/2 , F = 3 and 5S 1/2 , F = 2. The intermediate level |2 and upper level |3 are provided by 5P 1/2 , F = 3 and 5D 3/2 , F = 4. The probe field ω p drives the |1 ↔ |2 transition. The coupling fields ω 1 and ω 2 drive the |2 ↔ |3 and |2 ↔ |4 transitions, respectively. When microwave field ω 3 is added to drive the |1 ↔ |4 transition, such a system is equivalent to our four-level atom with SGC in the dressed state representation.
Another possibility is to use a four-level inverted-Y configuration in an asymmetric QW. By choosing the materials and structure dimensions in device design, we can have the proper parametric conditions. The system considered here is similar to the ones used in Refs. [51] - [54] as shown in Figs. 10(b) and 10(c). A weak probe field ω p is applied to the transition |1 ↔ |2 , while the transitions |2 ↔ |3 and |2 ↔ |4 are mediated by coupling fields ω 1 and ω 2 , respectively. The cycling field ω 3 is coupled to the transition |1 ↔ |4 to simulate the SGC. In the dressed state representation, such a QW system is also equivalent to our four-level atom with SGC. So it can be expected that various effects of the SGC on the gain properties should be possibly demonstrated in semiconductor QWs experimentally. 
Conclusion
In this paper, we investigated the effects of SGC on the steady and transient gain properties in a four-level inverted-Ytype system. For the steady process, the inversionless gain can be achieved due to the SGC effect as well as the DIC effect, but the former contributes more to the inversionless gain. In particular, the inversionless gain becomes quite sensitive to the relative phase between the probe and the coupling field. We can modulate the gain profile and the gain amplitude simultaneously by changing the relative phase. Different from the case in the Λ -type atomic system, the amplitude of the probe gain can be much larger and more gain peaks can be obtained in the steady-state response by changing the detuning of the additional coupling field. While for the transient process, we show that the transient gain properties can be greatly affected by the SGC. The behavior of the gain in the transient process is also very sensitive to the relative phase between the probe and the coherent field. Transient gain can be dramatically enhanced due to the effect of SGC, and the transient absorption can be completely eliminated by choosing a proper relative phase. Finally, we discuss possible experiments in which these results, in both atomic and QW systems, can be achieved.
